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3 , The Jack polynomials with prescribed symmetry are obtained from the nonsymmetric poly- 

nomials via the operations of symmetrization, antisymmctrization and normalization. After 
dividing out the corresponding antisymmetric polynomial of smallest degree, a symmetric 
polynomial results. Of interest in applications is the value of the latter polynomial when all 
.^^ ■ the variables are set equal. Dunkl has obtained this evaluation, making use of a certain skew 

^"y. symmetric operator. We introduce a simpler operator for this purpose, thereby obtaining a 

new derivation of the evaluation formula. An expansion formula of a certain product in terms 
of Jack polynomials with prescribed symmetry implied by the evaluation formula is used to 
derive a generalization of a constant term identity due to Macdonald, Kadell and Kaneko. 
Although we don't give the details in this work, the operator introduced here can be defined 
for any reduced crystallographic root system, and used to provide an evaluation formula for 
^ ' the corresponding Heckman-Opdam polynomials with prescribed symmetry. 

(N 



1 Introduction 

The type A periodic Calogero-Sutherland quantum many body system with exchange terms is described 
by the Schrodinger operator 



o 
o 

s 

'>'■ „_ v-a^ ,rf V (iM)((i/°)-»it) „ii 

H ; 

In (LI) all particles are confined to the interval [0, L] with periodic boundary conditions, and Sjk is the 
exchange operator which permutes the variables Xj and x^. It is a standard result that for < xi < 

is 



X2 < ■ ■ ■ < xn < L the ground state for (1.1 



V'o:= n (sin(7r(a;fc-a:j)/L)) ", (1.2) 

l<j<fc<Ar 

and it is similarly a standard result that with Zj :— e'^^^^i/^ the excited states have the form 

N 

^o(n4)/(^i'---'^^) (1-3) 

where I G Z<o and / is a homogeneous multivariable polynomial. The polynomial / is a type of Jack 



polynomial. In its most basic form the Jack polynomial is nonsymmetric 12 1, however the transposition 
operator Si := sa+i commutes with H so we are free to restrict the eigenfunctions to subspaces symmetric 
or antisymmetric with respect to certain sets of coordinates. In physical terms this corresponds to having 



a multicomponcnt system consisting of a mixture of bosons and fermions. The polynomial part of the 
eigenfunction is then referred to as a Jack polynomial with prescribed symmetry M . 

The Jack polynomials with prescribed symmetry are to be denoted 5'^.' (z), requiring the two labels 
77* and (/, J) for their unique specification. The set / in the label (/, J) determines the variables in which 
S,,,' is symmetric, while the set J determines the variables in which S,,*' is antisymmetric. Explicitly 

s.s^^y\z)^si^y\z) (^e/) s,si^y\z)^~si^y\z) uej), (i.4) 



and thus 

M.J) 



S^y>{z) cc Sym.Asym,, E^{z). (1.5) 



For {i.4) to make sense we must have that / and J are disjoint subsets of {1, 2, . . . , A^ — 1} such that 

i-l,i + l i J for i ^ I and j - 1, j + 1 ^ / for j € J (1.6) 

(thus representing the members of / by red dots and the members of J by black dots on the lattice 
{1,2,...,7V— 1} there are no consecutive lattice points marked with different coloured dots). The index 
rj* is a composition such that 

Vi > V*+i ^ -i&I, Vj> Vj+i V j e J. (1.7) 

Let the set J be decomposed as a union of sets of consecutive integers, denoted Jg say, and let 

(LJ) 



Js '■— Js U {max(Js) + 1} and J :— UsJs- Then from (1.4) the polynomial S'^.' ' can be factorized in the 
form 

si^W\z)^l[Aj^{z)u!,y\z), Ax{z):^ H (^^ " ^^'), (1-8) 
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where t/^.'' (z) is symmetric with respect to Si for i G / U J. Our interest is in the evaluation of 
U^W\l'^), where 

1^ := (zi,. ..,zn) 

In fact the value of the closely related quantity 

SymjAsymj£;^(z) 



l{j=l,...,N) 



Us^jM) 



iI.J)f 



is already known from the work of Dunkl |J]. Recalling (L5) we see the value of UL' (z) follows once 
the proportionality constant in the former is determined. In Proposition 2.2 below we will determine 
the proportionality constant. However we will not then be done with the problem. Rather we seek a 
self contained derivation, motivated by our desire to obtain the evaluation formula for the analogue of 
C/^.' (1^) in the case of Heckman-Opdam polynomials with prescribed symmetry. On this point, we 
recall (see e.g. [^, |l^) that the Jack polynomials are the special case of the Heckman-Opdam polynomials 
corresponding to the type A root system; the latter can be constructed for all reduced crystallographic 
root systems and are also the polynomial part of certain Schrodinger operators. The derivation given 
here does indeed permit a generalization to this more general setting, although we will reserve the details 
until a later publication. 

By way of further motivation, we point out that knowledge of the evaluation of L/^.'' (1^) has been 
of essential use in the exact computation of retarded Green functions for spin generalizations of the 



Hamiltonian (1.1) ||^. The reason is that the value of C/^.'' (1^) combined with the Cauchy product 



expansion involving the 5^.' gives the expansion of the product 



11(1 -^^r^'II 11(1 -^^■)''"'^°' (1.9) 



M,J) 



in terms of {S„,' }, which is one of the main technical requirements in the computation of the retarded 



Green functions. The expansion of (L9) and a corresponding constant term identity will be discussed in 
Section 4. 



We will begin in Section 2 by revising essential properties of the Jack polynomials with prescribed 

■{I 

Tj' 



symmetry. In Section 3 we will introduce an operator Oj which transforms SL' to be proportional to 



S'L ' . We will show that the same operator acting on the RHS of the first equation in (1.8), followed 



by evaluation at z = 1^, acts only on W^ Aj^{z). By evaluating Ojdls ^J^(^)) ^^^ value of C/^.' (1^) 
follows. This is stated in Proposition |3.6| below. In Section 4 we contrast our method with that of Dunkl. 



We also revise the expansion of (1.9) in terms of {S*,.'' }, obtained from knowledge of UL' (1^)- This 
is then used to obtain a certain constant term identity involving S^,,'' (z). 

2 Properties of the polynomials SL' 

2.1 Definitions and preliminaries 

Let Sjk denote the permutation operator which when acting on functions / = f{zi, . . . , zn) interchanges 
Zj and Zk ■ In the notation of Knop and Sahi |g] we introduce the type A Cherednik operators by 

e, = «z,— +^^^(l-s,p) + ^^^(l-s,p) + l-z, i = l,...,N. (2.1) 

P<1 ^ P>1 ' 



The relation to the type A root system becomes apparent by comparing (2J) to the general Cherednik 
operator associated with a root system, 

^a-=EA,-.^+ E %^(1--,-) + (A,P.), (2.2) 

where A = (Ai, . . . , Ajv) denotes a real vector with A^-components, ( , ) denotes the dot product and 

z/3:=zfiz*...z^". (2.3) 

The quantities i?+, fcs, ss and pk depend on the root system R. In the type A case, with e} denoting 
the elementary unit vector with component j equal to 1, 

R+ = {ej-ek\l<i <k<N}, k^^\/a (2.4) 



^ 1/^ + 1 



S0 = s,k for /3 = ej - 4 , Pfc = E ~ (~^ -^j ^^ ' (^'^^ 

Using these explicit formulas in (^J), a short calculation shows that in the type A case 






In particular, with (3 as specified in (2.5), 



^^---(O-a). (2.7) 

A fundamental property of {^i} is that they form a commuting family of operators which permit a set 
of simultaneous polynomial eigenfunctions, labelled by a composition rj :— (771,772, • ■ • ,77Ar), r]j > 0, and 
homogeneous of degree \r]\ := X) ,=1 Vj- These are the nonsymmetric Jack polynomials Eri{z; a) —: Eri{z), 
which are uniquely characterized as the solution of the eigenvalue equation 

CiE,, ^ fjiEri, rii-^OiVi-#{k<i\Vk>Vi}-if{k>i\vk>Vi} (2-8) 

possessing a special triangularity structure when expanded in terms of monomials. To specify this struc- 
ture, let us denote by 77+ the partition corresponding to the composition rj. Let rj and j/, 77 7^ 1/ be 
compositions such that jryj = \i>\, and introduce the partial ordering <, known as the dominance ordering, 
by the statement t^ < 77 if X]?=i ^j "^ X]f=i Vj for each p = 1, . . . ,N. A further partial ordering ~< is 
defined on compositions by the statement that v ^ rj if v^ < V^ , or in the case z/"*" = 77"*", if i' < 77. In 
terms of the monomials ordered by the partial ordering -<, the non-symmetric Jack polynomials have the 
expansion 

^^(z) = z" + ^c^,z'' (2.9) 

for some coefficients c,,^ = Cri,^{a). 

Contained in the set of positive roots R+ (recall ( |2.4| )) are the so called simple roots 

a, :=e, -e,+i, j e {1, 2, . . . , TV - 1}, (2.10) 

which form a basis of i?+. We consider two subsets /, J C {1, 2, . . . , A^ — 1} such that / n J = 0, and 
write Wiuj '■— {sj\j G / U J) where Sj :— s^-. = Sjj+i. We define the operation O/^j on monomials by 

where w(A) := (A„,-i(i), . . . , Ai„-i(7v)), and detj(zi;) = 1 if a decomposition of w into a product of 
transpositions has an even number of factors from {sj\j G J} and det ji^w) = —1 if such a decomposition 
has an odd number of entries from {sj\j G J}. This operator is extended to general analytic functions 
by linearity. 



Let us suppose that in addition to requiring / n J = 0, we also have the condition (1.6). In this 
circumstance Wjuj = WiWj — WjWi and furthermore 

Oij = OiOj^OjOi with 0/ = Sym^ = J|Sym^^, Oj = Asym^ = J| Asym^^ (2.11) 



where / — Ugls and J = UsJs (recall the beginning of the paragraph below (1.4)) 



Our interest is in the polynomials OijErf(z). From the definition of Ojj we see that 

Oi,,;Erj{z) = 0, if ijj = rjjf for any j ^ / G Js, some s, (2-12) 



where Js is defined as in the beginning of the paragraph below (1.7). On the other hand, if rjj ^ r]ji for 
all j 7^ j' G Js, all s, then 

OijE^iz) = a\l'^siy\z), S^l:'\z) = z^" +Y. ^"-^' (^.13) 



for some aj, ' ' and c,,^ — Crii,{a). In ( 2.13| ) rj* is the unique element of VF/u./l'?) such that ( |1.7| ) holds. The 
polynomials S',^.'' , which were first introduced in g], and subsequently studied in the works ||l|, §, 0, are 



referred to as the Jack polynomials with prescribed symmetry. They have the symmetry properties (1.4) 



which together with the structural formula in (2.13) can be used to uniquely characterize the polynomials. 



Si,J) w 



Our subsequent calculations require the explicit value of the proportionality constant a}, ' in (2.13). 
One way of obtaining this is to make use of the explicit expansion of S),,' {z) in terms of {E^^. Let us 
first revise the derivation of this latter expansion [|l[ . Now, we know [^ that the action of Si on _E^ is 
given by 

{^£:^(z)+(l-^)£:,^^(z), ri,>r^,+i 
E,,{z), r]i^r]i+i 

-g^E,j{z) + Es.r^{z), r]i < r]i+i 

where (5^^,, := fji — 77^+1, with fji specified by ( |2.6| ). It follows from (2.14), (2.11) and ( 2.13| ) that 

S';^y\z)= Y^ Cn'^,E^{z), c^.,,. = 1. 



(2.14) 



MSM/jujCi)*) 



Moreover, the coefficients c^*^ in (2.15) can be computed explicitly in terms of the quantities 
dri-= n (a(a(«,i) + l) + ^(*,j) + l), 4- n {a{aihj) + 'i-) + KhJ)), 

where the notation (i, j) £ rj refers to the diagram of the composition 77, while 

a{i,j) := Vi -J, KhJ) — #{fc < «|j <Vk + l< Vt} + #{k > i\j < Vk < ??,:}■ 

Our derivation makes use of the fact that the quantities d,, and d,y have the properties [|l3| 



rf, 



Sit] 

d„ 



^'i,n 



1 



Si 



hV 



SiTj 

~dL 



■^l.Tj 



l-iV 



r 



Vi > Vi+i 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



Proposition 2.1. Let w e W/uj be decomposed as w — wjwj where wi e Wi, wj G Wj. Let wrj* = fi 
and wjrj* = /.*/. Then the coefficents in (2.1^) are specified by 



c,,.^ = detj(w) 

%7 "A«/ 



Proof. We write 



E 



'-»; M-^M 



Ef.{z) 



tJ,eWiuj{v') 



/ y XfJ.ilii + 1 I Cr;*/j-C//j(,Zj + Cjj" Sifj,-'^Sili\Z) 



(2.19) 



(2.20) 






where Xtnta+i ~ ^ for Mi = Mi+i? Xtnixi+i = 1 otherwise. Applying the operator Si for i G / and Sj for 
j G J to (2.20) with c^.p given by ( 2.19| ), we see by making use of (2.18) that the properties ( [l.4[ ) hold. 
Also, with wj = wj = Id (the identity), and thus /i = /i/ = 11 j = rj* and det j{w) = 1, we see that 



■^rj*rj^ 



= 1. 



D 
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Proposition 2.1 can be used to determine a,, '' . To present the result requires some notation. Let 

Mi.r, = i^W eWi\a'ir^) = T^} 

and write ri'^'^''^-'\ where e/, e,/ G {+, 0, — } to denote the element of Wi\jj{ri) with the property that 77^+^'^ 
(/;(■•+)) has r;|+''^ > r;|+i^ for aU i G / (77['+' > 77^^!+^ for aU j G J), ry^-'') (ry^''-)) has ri'^f'^ < r;,|^[^ 
for all i G / (?7,y ' < '7,_J_i for all j G J), while rj^-^''^ (rj'^'''^^) has 77^= 7;^, 77^-^'-^ — rji^i for all i G / 
(77}'°' = 77j, 77];°^ = 77j+i for aU j G J). 



Proposition 2.2. With arj ' defined by (2.1c) we have 



al^''' = detj{wj)Mi,^j, '- 

%(0, + )«r,(0. + )%(-,- 



(2.21) 



where wj is such that wjij = rj^'^'^'. 



AU) 



Proof. We model our proof on the derivation given in |^ of the value of a^ ' in the case that 
/ = {1,...,7V — 1} and J = (synimetrization in all variables). The first step is to introduce the 
polynomial 



G(x,y) 



J2 fE,{x)E,{yl 



(2.22) 



which from ( ^.14 ) is seen to have the property 

s^^^G{x, y) = s'l^'^Gix, y) for i e / U J. 
In particular 

0'^''^G{x,y)^O^y^G{x,y). 
Substituting ( ^.22 ) in ( 2.23 ) and recalling ( 2.13| ) shows 



(2.23) 



S^''i-) E ';j^-V'My)-S^^y\y) Y: ^-i'^'^E^ix). 



^l'£WIu.J{r|') '^ 



i^eWiujiv') ^ 



It follows from this that 



si;y\x) = a,, Y. i^'^i'-'^E.ix) 



(2.24) 



fj^awiujiv) ^ 



for some constant a^. . Comparing (2.24) with (2.15) and recalling the result of Proposition 2.1 we thus 
have 



dfj. (I J) J 4. / \ n' t^ 



d' d 



(2.25) 



with ^1 = /i*^+'"^ and wj such that wj^ = /i*^"'+). The identity ( 2.25| ) must hold for all /i G Wi\jj{rj*). 
In particular it must hold for the smallest composition with respect to the partial ordering ^, namely 
rj^^' ' . This composition is special in that 



{I, J), 



Oi,jE,^f-,-,iz) = detj{wj,)Mi,r,Si;,-''iz) 



where w j'Ti^ ' ' — m '+^ Thus 



V 



T-i\-^l) =detjiwj')Mi,r,, 



which when substituted in (2.25) with fi = i]^ ' ' implies 



1 d'^'d'^(-.-) 



Substituting (2.26) in (2.25) with /i = ?/ (of course -q £ M/7u,/(»7*)) gives (2.21) 



(2.26) 



D 
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In our derivation of the evaluation formula for the polynomial K.'' {z) in (1.8), it is a corollary of 



(.13) 



Proposition 2.2 giving the evaluation formula for S).,' which is of use 



Corollary 2.3. For the Jack polynomial with prescribed symmetry, iS^.' , constructed out of symmetriza- 
tion operations only, we have the evaluation formula 

^(/,0),,Arx _ |Syni£| jv _ |Sym/| e^+ 

where rj^ denotes the unique partition which can be formed from if and 



Proof. The first equality follows immediately from (2.13) with J = 0, while the second equality follows 



from Proposition 2.2 with J = and rj = rj* , which gives 






and the well known result 



d 



E,,{1^) = ^. (2.29) 



V 



D 



3 Evaluation formula for U 



3.1 A special operator 



Of central importance to our eventual evaluation of f/^,' is the operator 

o^-- n h+^) (3.1) 

where 

-Rj,+ ^ {cj — ek\l < j < k < N, j, k E Js, some s} 

and Z?3 is specified in terms of the ^^ by ( |2.6|) (in the case i?j,+ = i?+ this operator is introduced for 
general reduced crystallographic root systems in fl^). Also, i?j,- is defined by 

R.j.- = {—Sj + ek\l < j < k < N, j,k £ Js, some s}. 

We seek an algebraic relation for SiOj. First, one can check from the relations 

^iSz - s^Ci+i = 1, ii+iSi - SiC-i = -1, [£,1, Sj] ^0 {j ^i-l,i) 



(the subalgebra of the degenerate type A Hecke algebra satisfied by {^i, Sj}) and (2/7), or alternatively 
directly from (^.2|), that for Pi = e^ — Ci+i, 

s,D^^~D^^^^yS,^^0,P,). (3.2) 



Now we rewrite ( |3.l|) to read 



o- n (%+^) n («»-^)|7„ ,A "!r (") 






1\ f 1, ft^i?J,+ 



Denoting the first product of operators in (3.3) by Oj , we see immediateiy from (3.2) that 



.,;OW=OW.,. 



(3.4) 



For the second product of operators, Oj say, we note that if /3 G Rj,+ , P ^ (3i and {(i.Pi) ^ 0, then 
Si/3 G Rj^+ with 



,/3,A) = -(AA). 



(3.5) 



Thus we can rewrite that product as 



O 



(2) 



n (^»+^)(^.,.-+i)- n (^,5 4)K*4 



/3 = ci + i-et3 (fc>i + l) 



^=<?fe-=i(''<') 



and then use (3^) and (3_^) to deduce 



n 






n 



a a / \ 



/36Hj,+ 
i + l-^fc (fc>i + l) 






n 



L> 



S./3 



iVi?.+i).. 



•i+i-=-fc (fc>.+i) 



where to obtain the second equahty further use has been made of (3_^). Similarly, 



n 



z„ + llK, + i 






n 



Dsf3 + ---)(D0+- + -]s^ 
^^P a aJ\' a a. 



n K~+^)(^.~+^)^^' 






(3.6) 



(3.7) 



and so 



(2) _n(2). 



s,Oy^=0:y^s,. 



(3.8) 



In the case that I3i £ Rj.+ , or cquivalcntly z G J, we must also consider the action of Si on the final 



factor in (3^). For this we see from (3^) and (2/7) that 



/ „ 1 \ „ 2 Sj 



ft- 



a a 



and thus for any / such that Sif — — /, 



'H+^)^=h^+^)f- 



(3.9) 



An immediate consequence of (3.4), (3.8) and (3.9) is the action of Si on OjSlt (z), and we can 
deduce from this that the latter is proportional to S'L ' (z). 



Proposition 3.1. For all i ^ I U J , 



s,(^ojs^^y\z)) = ojsi;y\z). 



Moreover, with 



-ri' 



n ((^*/3+i)A 



(3.10) 



(3.11) 



/3e-Rj,+ 



where rj* ^ :— rfj — rf ^. for [3 as in ( [g.^ j, we have 



MJ) 



(luJ.i, 



OjS);:-'>{z)^c,,s\T'''">{z) 



(3.12) 



Proof. As already remarked, ( 3.1C| ) is an immediate consequence of (3.4), (p^) and (3.9). Also, from 
(|I1), dll) and dJ) 



MeW/uj(»?*) 



(3.13) 



where c^j is specified by (3.11). We know from the remark at the end of the paragraph containing ( ^.13 ) 
that this structural formula together with ( 3.1C ) imply ( 3.12 ). D 

Next we turn our attention to the structure of the image of the product 

n ^-'-^))<'\-) 



(c.f. (1.8)) under the action of Oj 



Proposition 3.2. Let F{z) be an analytic function of zi, . . . , zn in the neighbourhood of z — 1^ , and 
let $ C _R_|_. Suppose < I < #($), then for any f3i, . . . ,pi, 

where hQ,{z) is an analytic function in the neighbourhood of z ~ \^ dependent on Vl, F, and /3i, . . . ,(3i. 

Proof. It suffices to establish the result for Z = 1, as the general I result follows by induction. Now, for 
general / and g and j3 = Cj — Sk {j < k) we have 



^ ^(1 - sMfg) - ^—^9 + 7^(1 - s.)g. 



l^zP' '" 



1-2/3 ^ ' l-zP^^ '^^' 



We apply this formula with 



/=F n (^"-1)' 5= n (^"-1)- 



(3.14) 



(3.15) 






1.^.0)1^0 



Since 



(t,/3)=0 

it follows immediately that the first term has the required structure. 



To show that the second term has the requhed structure, define a total order < s on {7 G $|(7, /?) i^ 0} 
by the requhenient that 7 and sA'f) are adjacent m the order. Otherwise the order is arbitrary. In terms 
of this order we can write 



(1 - ^i) n (^' - 1) = E n (^^'^^^'^ - 1)((^" - 1) - (^'^^^"^ - 1)) n (^^ - 1)' 



(3.16) 






Qg<I> T'ei' 



by the telescoping of the sum (the same mechanism responsible for ( 3.14 )). Now for a given a, if vectors 
7i and 72 satisfy 71 <3 a. <s 72, then 71 and 72 are not adjacent so that 33(71) ^ 72. It follows that all 
factors in ( |3.16 ) are distinct. Because (z" — z'^^^"') is divisible by (1 — z^), we see that the second term 
in ( 3.14 ) with the substitution ( 3.15 ) has the sought structure. D 



Proposition 3.2 can be used to establish the following structural formula. 



Proposition 3.3. Let G{z) be an analytic function of zi, . . . , Z]\r in the neighbourhood of z = 1 , and 



let F{z), <I> and the Pi be as in Proposition 3.L Then for < I < =ff{^), there exist functions hQ{z) 
analytic in a neighbourhood of z — 1^ such that 



% ■ • • ^A ( n ('^ - 1) ^(^)G(^)) - G(z)% • • • ^A ( n (^^ - 1) ^(^ 

pen 



(3.17) 



#(ri)=#(*)-i+i 



Proof. Consider first the case I — 1. We can check from the definition (|2.2D that 
Dx(l[i''-^)P('^Giz)] 



/3e$ 



N 



G{z)D~,[l[{z^-l)F{z)) + l[{z^-l)F{z)[Y.>^^'^^)^(') 



/3e* 



/3e$ 



i=i 



' 'dz 



± ^ |A(G(.)-.-G(.)).,^(n(^^^-l)^W) 



(3.18) 



The structure (3.17) follows immediately. We now proceed inductively, assuming the result (3.17) for 
some 1 < ^ < #($), with our task being to then prove its validity for / ^^ / + 1. Since /3i, . . . ,/3; are 
arbitrary in the statement of the proposition, then for /?i, /32, . . . , A+i, 



Dp.---Dp. 



3-+. ( n (^' - 1) ^(^)G(-)) - G{z)D^^ ■ ■ ■ D^^^^ ( n i.^' - 1) F{z) 



/3e$ 



/3g* 



^ hn(z)Xl{zP~l) 



(3.19) 



#(n)=#(«)-i+i 



/3gO 



for some hQ{z) which are analytic in a neighbourhood of z = 1^. Applying D^ to both sides of ( |3.19 ) 
and making use of Proposition B^ on the RHS we see that 



% • • • ^ft.. ( n (-' - 1) p(^)G{z)) - D^^ {g{z)d^^ ■ ■ ■ D^^^^ ( n i^' - 1) nz)) } 

= E hniz)Y[iz(^-l) (3.20) 



#(ri)=#(*)-i 



pen 
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for some hQ,{z) which are analytic in a neighbourhood of z = 1 . Now Proposition 3.2 also gives that 



% • • • ^A.. ( n ^'' - 1) ^(-)) = E '^^(-) n (-'^ - 1) 

for some hn{z) which are analytic in a neighbourhood of z = 1^. Application of the already established 
I = 1 case of the present proposition then shows 

D~,^ {g(.)% ■ • ■ i?,-,, ( n (-'^ - 1) n^)) } - G(-)^ft ■ • • ^A,. ( n (-'^ - 1) n^)) 

#(n)=#(i.)-i 



/3Gii:$ 



(3.21) 



for some h[i_{z) which are analytic in a neighbourhood of z = 1 , and this substituted in (3.20) establishes 



( ^.17 ) in the case I ^^ I + 1. 



D 



An immediate corollary of Proposition 3.3 is the following evaluation identity 



Corollary 3.4. In the notation of Proposition [g.4 for Q <l < #$ — 1 



^•••^ft(n(-'~-i)^w 



= 



,3e* 



while 



^/3v^.~..(n(-'^-i)^w)L„-^wL^,„%---^.-..(n(-'^-i) 



/3G* 



/3e* 



In particular 



ojsi;/\z) ^^^^^u^'^iy^)[ n ^.-)( n (-"-!) 



(3.22) 



(3.23) 



(3.24) 



peR.i,+ iseRj 



Proof. The equations (3.22) and (3.23) are immediate consequences of Proposition 3.3. Using these 



equations, (|3.24| ) follows after recalling the definitions (|l.8| ) and (^), and noting that 

for some A. 

Substituting ( ^.12 ), (3.11) and Proposition |2.3| in (3.24) we see that 



U, 



where 






^^■■=i n Dp){ n (-'-!) 



a 



(3.25) 



D 



(3.26) 



(3.27) 



With our objective being to compute C/L' (1^), we see from ( 3.26| ) that the remaining task is to compute 



kj as specified by ( |3.27|) 
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Suppose for a given J we could choose a composition rj* such that [/^* (1 ) could be evaluated directly 



from its definition (1.8). Then because kj is independent of 77*, that evaluation substituted in (3.26) will 
specify kj. To implement this strategy, we consider the particular composition rf = S defined by 



'5,= 



max(Js) - j, j e Js 



0, 



J<fJ 



(3.28) 



With this definition and the final equality in ( 2.11 ) we see that 

Asymj z^ = Aj(z) 



and thus according to (2.13) 



.(0,J) 



Substituting this in (1.8) shows 



sr'iz) = Aj{z). 



C/f ■^)(1^) = 1. 



(3.29) 



The value of the quantity kj can now be deduced by substituting ( 3.29 ) in ( 3.26| ) and simplifying the 
result. 



Proposition 3.5. With kj specified by ( 3.2^ we have 



\a-\^\es. 



(3.30) 



Proof. Substituting (3.28) in (3.26|) gives 



ni-^^ 



li^-l*l^£l. 






n CS0+1) 



so to obtain (3.28) we must show 

d5(-,-) = n (% + 1) = n CS^- S^+J + 1), (3.31) 

where the final equality follows from the definitions of the quantities in the preceeding expression. Now 



after recalling the definition (2.16) of d,, and the meaning of S'^'' \ we see the LHS of (3.31) can be 
rewritten 

n n n("(«("^""+*'+i'j')+i)+^('^""+*'+i'j')+i) (3.32) 

s i'=0 j=l 

where the arm and leg lengths are to be calculated with respect to the diagram of 6^''^' . Similarly, on 



the RHS of (3.31) we can write 



jmax_jm,„^,_|_j^ 

n n u{h, 

s i'=Q j=l 



3jmax_,;/_|_j- 



(3.33) 



It is easy to check from the definitions that the terms in the products (3.32) and (3.33) are in fact 
identical, and thus ( |3.31 ) does indeed hold. 



D 



Substituting ( [3.3C ) in ( 3.26| ) and noting |Sym/U J| — {JJ^ l^slOdls I"^sl0 gives the sought evaluation 
formula. 



Proposition 3.6. We have 



u^y\i^) 



Us\Is 



e^+ 



Mi^n' a"\'^\es+d H-.-) ^ 

' I3&R.J.+ 



n ((^/?+i)A 



(3.34) 
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4 Discussion 



Let us first compare our result (3.34) with that which can be deduced from the evaluation formula of 
Dunkl [H . In our notation, the latter formula is 



Oi,jEr,iz) 



n.Aj(z) 



2 = 1" 



ni^^ 



e„+ 



I''le5+ d 



- n ((^,-i)A 






(4.1) 



Making use of ( 2.13| ) and ( 2.21 ) in the case rj — rj* , and recalling (1^), we see that this implies 



U^,''\\'') 



e„+ 



■A^/,JJ* d'^-,{-,0)dri'i-.°) 



P&RJ.+ 



n (^,-i)A 



(4.2) 



Note that this is a different form to the result ( 3.34 ). To reconcile the two forms we must have 



d'r,*{-,-)d^*<.- 



•(-,0 



)d^.(-,o) 



n 

P&Rj.- 



'?*fl-l 



(4.3) 



In fact (4.3) is just a special case of the following result. 
Proposition 4.1. For w E Wj we have 






n y 



n-g + i 



fieR.j, + nw-^Rj^_ 



Tp- 



(4.4) 



Proof. This is demonstrated by induction of l{'w) (the length of w, i.e. the smallest value of / for 
which w can be expressed as a product w = Sj^ . . . Sj, for ji, . . . ,ji G J). First, note that for all i, and 



for all compositions fi such that Siii ^ fi, 'Sijl = Sip. Since / n J = 0, and / and J satisfy (1.6), then it 
follows that for all z G / and all compositions /^, Si/I = pLj for all j G J. This generalizes to the result 
that if w G Wi, then for all compositions //, w/i ■ — fij for j E J. A consequence of this result is that 
^*(-,o)^. _ ^*^. f-Qj. j g j^ g^jj(j jj*{-,o) — jy* foj. ^ g i?j,+ . Now, (4^) is clearly true when w = \ (the 



left hand side is 1, and the product on the right hand side is empty, and therefore evaluates to 1). For 



general w G Wj^ w 



. Sjj for some ji, . . . ,ji G J, where / — l{w). It follows that w ^dj^ G i?,/,- 



where cJ, 



Ej+i for J = l,...,iV — 1. Let wi 



.Sji, then Z(it;i) = ? — 1, it; = SjiWi, and 



"i "Sji ^ -R./.+ - Since w-^ dj^ G i?j,+, then {wirj*'- '"■')ji > [wii]*'- '°))jj+i, and 



d' 



WTj" 



WlTj 



*(-,o)^ 



d' 



wiTy 



*(-,o)^ 



and 



It follows that 



WlTj 






wi?7' 



■(-,0)^ 



^L„-(-.o)^«)i^*<--0) 



wir?" 



<-.«)- +1 



wi?? 



*(~,0)- 



As a consequence of (1.7), then witj*^ '"' = u'i77*(~'"), so that 









K-,0) 



M>, Si, 



* -1- +1 



(4.5) 
(4.6) 
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By the induction hypothesis, 



d' . 



■,0)^U)l77» 



r;*(-'0)"r;* 



n 






since l{wi) = I ~ 1, and so 






n 



/3ei?j,+ntui 'fl,/,- 



'7Vr 



(4.7) 



Suppose /? G ^,7,+ n w^^Rj^^, then W/S = Sj-^wiP G i?,/,-, and so wi/3 G i?j,- or wi/S — dj^. In the 
first case, /3 G i?j,+ n Wi^Rj^^, and in the second, f3 = Wi^dj^. Conversely, if /3 G Rj,+ n w^^Rj^-, 
then wi/3 G Rj,-, and wi/? ^ — cfjj^ since wj~ a^j^ G Rj.+ , and so w/J = Sj^wi/3 G Rj.-. Alternatively, if 
/? = wf cSjj, then /3 G i?j,+ and w/3 = Sj^wifi — —dj^ G Rj,-- Since /3 G i?,/,+ fl w^^Rj.- is equivalent 
to /3 G Rj,+ n Wi^Rj- or 13 = Wi^dj^ , then ([4.7|) becomes 



'^™r,*(-.0)'^u)r)'(-.0) 
rf^.(_,0)rfr;*(-.0) 



/Se-R-j.+nw-iiij.- '^ 



which is just (4.4) for w. This completes the proof by induction. 



D 



To deduce (E^) from (4.4), let wqj be the longest element of Wj, so that wq^t]*'^ '°^ = rj*^ ' ^ and 



wo,jRj,+ = Rj,-- Then, substituting w — wo,,7 into (4.4) gives 



d„.( 



-)"r, 



1 



d' 



^.(-,0)"r;*(-.0) 



11 ^* I 11 jn* I 



as required. 



Next we will contrast our strategy to derive ( 3.34 ) with that used by Dunkl to derive (O). In our 



method the key ingredient is the operator Oj with its action (3.12) and evaluation property (3.24). In 



Dunkl's approach the key ingredient is the skew operator ipj, constructed so that 

iPjSj = -Sjipj, j e J 



(4.8) 



and possessing an evaluation property analogous to that of Oj. It follows from (4.8) that for any / such 
that Sjf = -/, 

s,{i^jf) = i>jf. (4.9) 

The operator Oj has the same action when restricted to this class of /. However Oj does not exhibit 



the general algebraic property (4.8). Thus the two approaches are identical in strategy except that in 
Dunkl's work a more complicated operator ^j is constructed which plays the role of our Oj. 

The result (IT), or equivalently ( |3.34 ), has been used by Kato and Yamamoto 0] to obtain the 
expansion of (1.9) in terms of {U„,' } (Proposition |4.2| below). This result was then used in the exact 



computation of the retarded Green function for spin generalizations of the Calogero-Sutherland system 



(I.I). Here we will use the expansion formula to derive a constant term identity, which generalizes an 
integration formula due to Macdonald, Kadell and Kaneko P, 0, 0. Let us first present the expansion 
formula. 



Proposition 4.2. For general r we have 






iM 



d' 



r [I 



^■5+ 0&Rj.+ 



n UTf^-l)/a)ui^'-'\x) 



(4.10) 
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Proof. We recall the nonsymmetric Cauchy product expansion 

N N 



^\ (1 -Xiiji) .-^J- (1 



(4.11) 



(c.f. (2.22)). Applying the operator O/^j to the variables x on the RHS of (4.11) gives 






(4.12) 



I)* 



where the second equality follows from ( ^.24 ), and a,,* is given by ( ^.26 ). On the other hand, applying 
the operator O/^j directly to the x variables in its definition as a product, and using the Cauchy formula 



Asym(-) n 71 



3(^J: 



Aj^(x)Aj;(y) 



we see that 



^jM)^jSv) 



(n,r^)(«.«.nd^)(nia:^ 



N 



1 



a^«%)^-U {l-x,y,Y/^- 



Oi,jn{x,y) 

(4.13) 



Equating ( [4.12[ ) and ( 4.13 ), dividing by J|^ Aj (a;)Aj (y) and substituting y = 1^ we obtain 






i4J 






(4.14) 



Now it follows from (|^) and (|1|) that 

c/^!''')(i^) 



e„+ 



^ n ((^^^-1)/^ 



The only factor in this expression dependent on the number of variables N is 

[l + N/at^ 



(4.15) 






a 



hi. 



[1 + iV/c 



J5+ 



(4.16) 



where to obtain the equality use has been made of ( ^.2^ ). At order |?7| in x, both sides of ( 1.14 ) are thus 
polynomials in N/a, which are equal for each N = 1,2,.... Thus N/a can be replaced by the continuous 
variable —r and (|4.1(]|) follows. D 



Ai.J)/ 



Our constant term (CT) identity will be deduced from (4.10) by making use of the fact that {S'L' {x)} 
is orthogonal with respect to the inner product 



{f,g)c := CT(/(x)g(l/a;)(A(x)A(l/x) 



lA 



(4.17) 



where A(x) :— ni<7<fe<Ar(^fe ~ ^j)- This constant term is well defined for / and g Laurent polynomials 
and 1/a £ Z+. It is defined beyond these cases as a multidimensional Fourier integral. We require the 
evaluation of the norm of S,,*'' in this inner product [y 0. 
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Proposition 4.3. We have 



I'^ri" lie 



\Oj.j\ d'^'d' 



where e^+ is as in (2.2S) while 



\c Mi^n' dl^,^-,o)d,jH-,o) e^4 



s;+ = [i + (^-i)Hif 



(4.18) 



(4.19) 



Proof. According to (2.15) and the orthogonality of {-E,,} with respect to (4.17) we have 



ALJ) 



d' .e + 



(S'^y>,E,,)c^mr\\l = -^-^Mi„ 



dri'e^+ 



(4.20) 



where the second equality is a formula in ^. But since the weight function in ( 1.17 ) is symmetric 



{si;y\E,,)c 



1 



\Oi,j\ 



Equating the two results gives ( 4.18 ). 



>l/,r,*^^»(-.0)^r'-''" ||^(J,J)ll2 

c ~ ITn r J/ J/ ll"^')* lie- 



D 



We are now in a position to present our constant term identity. 
Proposition 4.4. We have 

l-.b.. 1 xl-|J,| 



cT{n,i-.,r(i-^)'(nn(i 



4=1 



^J. 



1/c 



(1/x)Aj^(x))(a(1/x)A(x)) U,,ix)} 



J&Js 



d;.[-a-6]^' 



^ n {ir0-i)/^)\\sii' 



"Wh- 



-b] 



(a) 



a+l + (Ar-l)/a 



(a) 



AT 



-pr r(l + (t-l)/a) r(l + a + 6+(i-l)/Q) 

fjr(l + a+(z-l)/a) r(l + 6+(i-l)/a) 



(4.21) 



:.(-f,^) 



Proof. From the orthogonality of {S'L' } with respect to ( 4.17 ) and the definition (L8) of UL' , it 



ril.J) 



follows from ( 4.10 ) that 



1 \''-i, 



i(fj 



je.h 



^3 



I/O 



CT{n(l--) " (nn (l--) "■■'Aj,(l/x)Aj^(x))(A(l/a;)A(x)) U,,{x)] 



al"l [1 - rlj:' 



d'. 



[1 



& n ((^,--i)/«)ii4 






(^.•/)||2 

Ic 



Substitute r = a + 6+l(aG Z+) and make the replacement rj* ^^ rj* + a^ , where rj* 
(77J + a, . . . , 77^ + a). Since 



we see that 



Ur^*+a«{x) ^X^Urj'ix) 



Ici^'J) ||2 _ ||c(-f.'^)||2 
P^*+qn|Ic — IP?)* lie 



while the definition of 77^ in (2.8) shows t]* 3 — t]* ^^ ~ rj* , for some i,j and thus 



V* + a^p = V*p- 



(4.22) 



-.N 



(4.23) 



(4.24) 



(4.25) 
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The definition ( 2.16| ) of d'^, shows 



N 



3 = 1 i=l 



^^ [a+l + jN- l)/«]y JV r(a + 1 + (. - l)/a) 

V" M , .,. ,^, i(a) 11 r(l + (i~l) 



[1 + iN- l)/«],^+ ,, 



1 r(l + (z-l)/a)) 



= dij.a 



. i„i+a^ [« + 1 + (A^ - i)Hy J^ r(« + 1 + (Z - 1)/C.) 
e;+ y r(l + (z-l)/a)) 



(4.26) 



where the second equahty follows upon use of (2.28) and the third upon use of (4.19). It also follows 



from (2.25) that 



N 



i « %^+a-~i %+i n JLl r(i + 5 + (j-i)/a) ■ 



(4.27) 



The formulas ( |4.23| ) - ( ^f.27D show that the RHS of ( [4.22D reduces to the RHS of ( |4.2lD except that there 
is an extra factor (—1)"^. 

On the LHS, after noting 



and making use of ( [4.23 ), we obtain the constant term on the LHS of (4.21), except for an extra factor 
of(-l)°^. D 

In the case /==,/ = and thus if = 77, S'^!'"'' = E^, ( |4.2l| ) gives 

CT{nti(l - ^O'^ll - lM)''(A(l/x)A(x))V"S^(x)} 



CT{n,:Li(l - ^^Y{^ - l/x,0''(A(l/a:)A(a:))V"} 



P II P l|2 



[-6] 



(a) 



d' 111 



ic ^ ^'r ^ ^ QAf\ 

\l [a+l + (iV-l)H|,"; '" [a+1 



\-h 



(") 



+ l + (iV-l)/a](:) 



where the second equality follows from ( [4.2C| ) and ( 2.2£ ) . This is the constant term identity given in [g| . 
Summing over appropriate linear combinations of 77 : jr;! = k so that the nonsymmetric Jack polynomial 
Er, becomes the symmetric Jack polynomial P^ gives the original Macdonald-Kadell-Kaneko identity. 
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